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NEW AND OLD PROOFS OF THE PYTHAGOREAN THEOREM. 


By BENJ. F. YANNEY, A. M., Mount Union College, Alliance, Ohio, and JAMES A, CALDERHEAD, B. 8c., 
Superintendent of Schools, Limavitle, Ohio. 


Tt. is proposed in these papers to give a more or less complete list of proofs, 
both new and old, of this celebrated and practical theorem. An attempt is made 
at classification based upon immediate principles used in the proofs. Due credit 
will be given in all known cases. A historical note will be appended to the com- 
pleted list. 

THEOREM. 


The square described upon the hypotenuse of a right triangle is equivalent to 
the sum of the squares described upon the other two sides. 


PROOFS. 
I. Resunrine rrom LINEAR ReLations or StMitaAr Rieut TRIANGLES. 


Let ABC be a A right-angled at C. Draw 
CD perpendicular to AB, There are thus three sim- 
ilar right triangles. 

Letting AC=b, BC=a, AB=c, CD=«, AD=y», 
BD=c—y, we obtain the following proportions, with 
their resulting equations : 


Fig. 1. 
CA). ys bir Be ty Yeebe eee eens 1. 
(2). yr dts Bt. DU HRAY. cece tenes 2. 
(8B). Dre wt dw UR OD eens 3. 


(4). ys wi er em ye ne POY my ees 4 


66 


(SB). ys ei Dt a. BU AY ce cee 2. 
(6). wr emy ir Dia. ot At bCCHY) eens 5. 
CT). CY DM MTG OCR YO eee ee 6. 
(8). cmy tai ei bo. am b(C—HY) we eens 5 
(9). ares us be ot. creado ce eens 3. 


From the nine different proportions, there are derived but six different 
equations, equation 2 being derived from proportion (2) or (5), 3 from (8) or (9), 
and 5 from (6) or (8). 

It is evident that from no single equation can we determine the relation 
between a, b, and ¢, the sides of the given right A. 

It is also evident that there is but one set of twos which will give the rela- 
tion desired, viz., equations 1 and 6. If we add these, member by member, we 
get directly c¢?—a?+b?. Giving to this form the usual geometrical interpreta- 
tion, we thus have one proof of the theorem. This, though in a different form, 
is one of the methods usually found in the books. It is credited to Legendre. 

We now proceed to find combinations of threes, which will give the requir- 


1s P08 20 sets of three equations out of the six. But of 


these, four must be rejected, since they contain 1 and 6, which two alone prove 
the theorem, as already shown; also the following three sets, since in each set 
the equations are dependent : 1, 2,3; 2, 4,5; 3,5, 6. There are, then, left the 
following thirteen sets, from each of which, if we eliminate « and y, we 
get ca? +b: 1, 2,4; 1, 2,5; 1,8, 4; 1, 8,5; 1,4, 5; 2, 3, 4; 2,8, 55 2, 3, 6; 
2,4, 6; 2, 5, 6; 3, 4, 5; 3, 4, 6; 4, 5, 6. 

Of these thirteen sets, there are six that contain one equation each, 
derived from either of two proportions; six sets containing two each such equa- 
tions; and one containing three. Therefore, including the proof already given, 
there are 1+6x2+46~x 2? +23=45 proofs, by this method. 

II. Let ABC be a A right-angled at C. Draw a line perpendicular to 
AB from A, meeting BC produced, as at D. 

Letting AC=b, BC=a, AB=c, AD=x, 
DC=y, BD=y-+a, and proceeding as in the preced- 
ing case, we find that this method also yields 45 dif- 
ferent proofs. The details are left to be carried out 
by the reader. Fig. 2. 

III. Let ABC be a A vight-angled at C. Draw DE perpendicular 
to AB so that DE=DC, Then will BE==BC. A ADE 
is similar to A ABC, 

Letting AC==b, BC=a, AB==c, AH=c—a, 
DE=DC=2, AD=b—x«, we have: 


ed relation. There are 


(1). c-a:bira:a. en a Lee eee eas Lc vee eee ees 1. 
2 2 1 
(2). c-a: bi: b-—wie oo. ne 5 FO oeceveeeeeees. 2. 
(3). w:an b-wie ..a= Oe coc vececetetverevenenen, 3. 
ate 


From the three equations, it is evident that we may obtain three proofs 
by this method. 
; IV. Let ABC be a A right-angled at C. Extend AB to D making 
BD=BC. Draw a line perpendicular to AD at D, 
meeting AC produced as at H. Then will CE=DE, 
and A AED will be similar to A ABC. . 

Letting AC=b, BC=a, AB=c, AD=c+a, 
DE=«x, AE—«+b, and proceeding as in the last case, 
we obtain three more proofs, making in all, thus far, 
96 proofs. Fig. 4. 

In our next paper, we shall give a method whose results reach into 
the thousands. 


[To be Continued. ] 


NON-EUCLIDEAN GEOMETRY: HISTORICAL AND 
EXPOSITORY. 


By GEORGE BRUCE HALSTED, A, M., (Princeton); Ph. D., (Johns Hopkins); Member of the London Mathemat- 
ical Society; and Professor of Mathematics in the University of Texas, Austin, Texas. 


[Continued from February Number. ] 


Proposition XXIII. Jf any two straights AX, BX (Fig. 27.) exist in the 
same plane, either they have (even in the hypothesis of acute angle) a common per- 
pendicular, or prolonged toward either the same part, unless sometime at a finite 
distance one strikes upon the other, they mutually approach ever more toward each 
other. 

Proof. From any point A of AX is let fall to the straight BX the perpen- 
dicular AB. If BA makes with AX a right angle, we have the asserted case 
of the common perpendicular. But otherwise this straight makes toward one 
or the other part, as suppose toward the parts of the point X, an acute angle. 


68 


So in the aforesaid straight AX between the points 4 and X any points D, H, L 
are designated, from which are let fall to the straight BX the 
perpendiculars DK, HK, LK. If any one angle at the points 
D, H, L be acute toward the parts of the point A, it follows 
(from the preceding) that AX, BX will have a common per- 
pendicular. 

But if every angle of this sort be greater than acute; 
either some one will be right, and thus again we will have the 
asserted case of the common perpendicular, since all angles at 
the points K are supposed right ; or all those angles toward 
the parts of the point A are obtuse, and therefore all there- Fig. 27. 
with acute toward the parts of the point X, and so again I argue: Since in 
the quadrilateral KDHK the angles at the points K are right, but the angle at 
the point D is acute, the side DK will be (from Cor. II. after P. III.) greater 
than the side HK, 

In a similar way the side Hk is shown to be greater than the side LK ; 
and so always, comparing to each other perpendiculars from any ever higher 
points of AX let fall upon the other BX. Wherefore AX, BX mutually approach 
each other ever more toward the parts of the point XY: Which is the second part 
of the disjunct proposition. 

From all which follows that any two straights AX, BX, which exist in the 
same plane, either have (even in the hypothesis of acute angle) a common per- 
pendicular, or produced toward either the same part, unless sometime at a finite 
distance one strikes upon the other, mutually approach each other ever more. _ 

Quod erat etc. 

Cornotuary I. Hence the angles toward the base AB will be always 
obtuse at each point of AX, from which is let fall a perpendicular to the straight 
BX: will be, I say, always obtuse, as often as thosetwo AX and BX mutually ap- 
proach each other ever more toward the parts of the points Y ; which indeed 
ought to be understood in a sane way, of course, of perpendiculars let fall before 
the aforesaid meeting, if perchance one should strike upon the other at a finite 
distance. : 

ScHorton. I see indeed that it may be here inquired, in what way can be 
shown the existence of that common perpendicular, as often as any straight 
PFHD (Fig. 28.) meeting two AX, BX in points F, and H, makes toward 
the same parts two internal angles AHF, BFH, 
not themselves indeed right, but nevertheless to- 
gether equal to two rights. But behold that com- 
mon perpendicular geometrically demonstrated. 

FH being bisected in M, perpendiculars 
MK, ML are let fallto AX and BX. The angle 
MPL will be equal (Eu. I. 13) to the angls MHK, 
which indeed is supposed to make up two right Fig. 28. 
angles with the angle BFH. Moreover the angles at the points K and I are 
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right ; and again MF, MH are equal. Therefore (Eu. I. 26) so are the angles 
FML, HMK equal. Wherefore the angle TMK makes two right angles with the 
angle HML, since with this the angle FMZ (Eu. I. 18) makes two right angles. 
Therefore (Eu. I. 14) KML will be one continuous straight line, consequently the 
common perpendicular of the aforesaid straights AX, BX. Quod erat etc. 


(To be Continued. } 


INTRODUCTION TO SUBSTITUTION GROUPS. 


By G, A. MILLER, Ph. D., Leipzig, Germany. 


{Continued from February Number. ] 


THE CONSTRUCTION OF THE PRIMITIVE GROUPS. 


We have shown that all the intransitive and the non-primitive groups of a 
given degree, may be made to depend upon groups of a lower degree. We shall 
soon prove a similar property of the primitive groups. 

It must however not be inferred that this will solve, in a satisfactory man- 
ner, the problem of constructing all the groups of a given degree. The elemen- 
tary methods to which we have confined ourselves require a large number 
of trials if the degree is large. Some briefer methods will be given later 
but even these will only tend to make the construction of all the groups 
of a given degree practical for somewhat larger degrees. 

It is not difficult to give general theorems which include all the groups of 
a given type, as, for instance, the theorem at the end of our discussion of the 
construction of the non-primitive groups ; but new types arise continually and no 
non-tentative method by means of which all the groups of any given degree may 
be found has yet been published. ; 

We proceed to prove some theorems which apply to all transitive groups 
but are especially useful in the construction of primitive groups. Unless the 
contrary is stated the symbols G, g, and n will respresent respectively the group 
under consideration, its order and its degree. 

Let us consider the transitive group G which contains the letters 
Oy, gy veeees , &. The substitutions of G which do not contain a, (. e., those 
which replace a, by itself) may be represented by 


As every group must contain the identical substitution if the number of its 
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letters is finite and this is the only kind we are considering now, the minimum 
value of 7 is unity. 

Since G is transitive it must contain some substitution s,,1 which replaces 
a, by a,. We desire to find all the substitutions of G which have this property. 
If s, is such a substitution then will 


—1 
8x8r 44 


belong to the first line, since s, replaces a, by a, and s,~;} replacesa,by a, 318/74 
must leave a, unchanged. Hence we have the equations 


808) 1= Sa (w=1,2,...... r) 


Sp Sq Spt. 


Since the condition expressed by the last equation is sufficient as well as 
necessary it follows that there are just r different substitutions in G, which trans- 
form a, into a,. Similarly there are exactly r substitutions in G which replace 
a, by a,, etc. From this we see that the number of substitutions which repiace 
a, by itself is equal to the number of those which replace a, by any other letter 
of G. We have imposed no condition upon a; which is not satisfied by each of 
the other letters so that the property which we have proved in regard to a, be- 
longs to all the letters. That 7 has the same value for each of the letters follows 
from the following considerations : . 

If the substitutions of G which do not contain a, are 


then will 
841G_8)3=7' substitutions of G which do not contain a, and 
Srp Srp =P substitutions of G which do not contain ay. 
From the first ofthese two equations we have r’Zr and from the second 
yer’, hence r’=r. Similar remarks clearly apply to all the letters of G. 
We may embody the results at which we have arrived in the following 
THEOREM: The number of substitutions (r) of any transitive group (G), 
which do not contain any given letter, is equal to the number of substitutions which 
replace a letter by any required other letter of the group. 
Corollary I. g=nr, i. e. the order of any transitive group 1s a multiple of 
its degree. 
Corollary IT. The average number of letters in all the substitutions of 
a transitive group of degree n is n—1.* 


*Since every intransitive group may be resolved into transitive constituent groups whose separate 
elements enter an equal number of the substitutions of the intransitive group, the general statement of 
this corollary is as follows: The average number of letters in all the substitutions of any group ts n—a, n being 
the degree of the group and a the number of its transitive constituents. 
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The last corollary may be proved as follows: Since G contains only g+n 


substitutions that do not involve a, it must contain g—g pray that involve 


a,. Hence all the g substitutions of G contain nx" — A ge(n—yy letters. 


From this corollary we may directly derive the following : 

Corollary ITT. Every transitive group contains at least n—1 substitutions 
of the n™ degree. ‘ 

Corollary IV. If the order of a transitive group exceeds its degree it must 
contain substitutions of a lower than the n™ degree and hencen conjugate subgroups 
Gia, Ga, ...ee , Gy whose degree is at most n—1. These n subgroups need not all 
be distinct. 

We may divide the primitive groups into two classes. (1) Those whose 
order is equal to their degree—the regular primitive groups—and (2) those whose 
order is b times their degree, where 0 is a positive integer larger than 1, 

We proceed to consider the first one of these classes. Since the average 
number of letters in its substitutions is n—1 it must contain n—1 substitutions 
of the n” degree, i. e. all its substitutions except unity are of the n™ degree. 

, If any one of these n—1’substitutions consists of two or more cycles all of 
these cycles will be of the same order, 7. e. they will all contain the same num- 
ber of letters, otherwise some power of this substitution would at the same time 
differ from identity and not contain all the letters of the group. 

We proceed to prove the following 

TurorEM: Whenever a regular group contains a substitution (s) which con- 
tains more than one cycle it 1s non-primitive. 

Let s=a,d@, ..... Gry Dye eee we cee es Some substitution of G (s,) re- 
places a, by b,. If we transform s with respect to s, we have 


If we assume that 
ba =a, (a, Ber) 


we have as a consequence that s, replaces a by ag. This is also done by s@-+. 
Since only one substitution of G can perform this operation we have as a second 
consequence of the given assumption , 


8, = she, 


The latter of these transforms the cycle a,a....... a, into itself and the 
former does not, the given assumption is therefore untenable and the cycle of b’s 
must be distinct from the cycle of a’s. 

If these a’s ahd 6’s do not include all the letters of G there must be some 
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substitution of G (s,) which replaces a, by some new letter ¢,. We now derive 
the substitution 


—ly pg. = 
8718 8g = Cy Cg. see. Coreeeee 


We have already proved that these ¢’s are all different from the a’s. It 
remains to show that they do not include any b. 


From Ca =be 
it would follow that s, replaced a, by bg and therefore that 
Sq = SP -4g,, 


This is impossible since the second member replaces the a’s by the b’s and 
the first replaces a, by c,. 

Continuing in this manner we must finally exhaust the letters of G and 
obtain the / distinct cycles 


where lr=n, the degree of G. 

We proceed to prove that these cycles may be used as systems of non- 
primitivity. This is, of course, included in the proof that the substitutions com- 
posed of these cycles 


is transformed into itself by all the substitutions of G. 
Let s, represent any substitution of G ; we desire to prove that 


sv lis, =t. 
If s, replaces c, by bg we have 
8q = 8, 1s? -Ys,, 


The second member replaces a) by be+p where p’satisfies the congruence 


ytp, B+p=6 (mod 7), (O=1, 2, ...... r). 


Hence s, must replace the c’s in order by the 6’s in order. Since similar 
remarks apply to all the cycles it follows that s, which is any substitution of G 
transforms ¢ into itself and our theorem is proved. 

By starting with the different cycles of G which contain the same letter we 
obtain different systems of non-primitivity for the same group.* 


*Cf. Jordan, Traite des Substitutions, §75; and Netto, Theory of Substitutions (American Edition), 
$98. og 
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From the last theorem we see that a regular group cannot be primitive un- 
less it is generated by a single cycle involving a prime number of letters. Since 
such a group must be primitive we have the following 

THrorem : The regular primitive groups and the prime numbers have a 1,1 
correspondence ; i. ¢. for each prime number there is one regular primitive group 
and for each reqular primitive group there is one prime number. 


[To be Continued. ] 


THE CENTROID OF AREAS AND VOLUMES. 


By G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Applied Science, Texarkana College, Texarkana, 
Arkansas-Texas. 


[Continued from February Number. ] 


II. Votumes. Let the density vary as v'lyt—z'-1, Then 


SS See 1z-ldadydz SSS: ah tye ldadyde 
ff: gh Lyk Agi Ldedyde fff: hgh gl Ldndyde 


_ SSS’ ah lat Teldadydz 
irr flak Lyi tdndyde 


ahtipte reer eam+1} 2 rs * anti i r{Syap+n} 
7 ome hGpet rit em+ t+ Font +5 Opt) +4} 
adie! rs @m+1y} t trae \ r {5 @pty \ 
8 


Ome OntHQp+h r{s Cam+1)+ - Ont) + yOpt D+} 
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FAm+tm+ PE rom kn+ pp hteet +1) 
a= ae we Qveccccuee (C). 
hm +-5 1 Uim-+kn-+tp+ mate 1) 


I(kn teres kn +lp phthet ry 


y= Doveeeceeeees (D). 


Ton + g Ean + kn +p +n phe Eel t ay 


Tilp+p+ Dm + kn-+lp + idea +1) 


_ vikuigD (E). 
Map+-z)Mhm-+ in+ Ip+ p+" at +1) 


This gives the centroid of the eighth part of the volume whatever may be 
the values of h, k,l, m,n, p. 
Let m=n=p, and also let the density vary as «yz so that h=k=1=2. 


. en _ L@m+ 3) (6m+4) 
a be 8m +1) Cim+ 8) 
e y z _ 74) _ 16 za \? (4 )' ( a\e2 
= + = = y = - = 
Let m=0, 0°. = P= = a) BR for ( "| + (4)"+ 2) 1. 


mie 22 FL ZL MOAH 8 
Let m=1, .°. a be I B)TC y 11.18.17.19 ’ 


or (4) (4) (S)ion 


_ T(6)r3) _ 10 
“be 6 (4)FH5) ~ 91? 


wx(4)+ (B+ (5) 


the centroid of the volume bounded by the positive portion of the co-ordinate 


planes. 
Let m=n=p, and let the density be the same throughout the solid so that, 


ho=k=l=1 


2 
4 
x] 


Let m=0, .°. we gy @ FOG) 3 , for ( t+ (4 \'+( ; 


_ 8 y Z _ FQm+1l@bm-+ $) 


a be I(m+h)l(4m438) 


Sy 


s 
~ 
ss 


~ FAB) 8 


a b  ¢ F&I) 128’ 


Let m=}, «. =" 7 FAM) _ 3 tor( “yty ( vhs ( :) 


be «TQYY)—-28? 
Let m=n=p, and let the density vary as vy, so that h=k=2, l=1 


& y L8m4 2)rbm+H zg — L(Q2nm41jlbm+h 


a 6 ~ TQm+ lm +4)’ € L(m+#)1(6m+4) ° 


| ev _ POG) _ ba 
_ . a 2 z = 
Let m=0, .". ab IMI) 32 ’ 


= raya mae A) + G-) +) = 


L y LSC) — -5.7.11.18.15 2 
w= . £ = ¥Y = g 2 = 7 
Let m=1, .°. 1 i T@)TA0) 920 ) 


F _ TR)TCY_ 5.11.18 (2 ): y \8 (2 Z 
Pua RC SYEG() OLE +( y+ ) ' 


. > y tC) 5 
=—3— -, # = 4 : = 
Let m=3,— .. a b TACSTRGES 33 


ETOP to Z E+ (2h) (2) 


Let m=n=p,.and let the density vary as x so that h=2, k=l=1. 


Let m=1, 7.“ = yu = 2 = PRTC! 21 for( eae ies 


? 
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x — L(8m+3)r(4m+3) y z _ F(Q2m4+1j)l4m+3) 
a LQm4+iFSmthy be Pmt Gm4+H) 


2 2 2 
Let m=0, then for (“-) + (4) + ( =) =1 


es  I@lr@)_ 8 xy _ F_TUre)_ 16 


a Ld)eC) 15’ 5b e| IQ lG) 157° 


Let m=1, then for (—"-)¥ + ( y \F+( : jr=t 


TTT) + 34 


eo FQ) ey 7 
~ TIO 5.7.9.11.187 


a 1@)lGs) 3.11.18 ° 0 


tt maatote (he (Be (5) 


ale] 


x  T@ ld 2 7  F Marea 1 


wo TA 9 be Ph) 5 


Thus we could multiply examples almost without number. 

If a=b we get another series of areas. 

If a=b=c we get another series of solids. 

If b=c or a=c we get still another series of selids. 

But formule (A), CB), (C), CD), CL) apply to them all. 

One more example and we will proceed to the discussion of surfaces. Let 
the density vary as vy?z, and let the equation to the surface be 


(5) (pe (2 


so that h=4, k=8, l=2, m=1, n=2, p=3 


_ POP TCP) | _5.7.9,11.13.23.29.31.37.89.41 74 
"© TB) (28) Qo , 


— _T0)T C43), _ 5.9.29.81.37.41b 
4 TOS) C4) 11,276 , 


_ PCA), _5.7.9.11,18.13.17.19.29.81.37.41 7 
2 “TE ) © = 95% 


The prodigious amount of work to accomplish this by the ordinary meth- 
od would be impossible. 


{To be Continued. ] 


THE ANGLE-SUM ACCORDING TO PLAYFAIR. 


By Professor JOHN N. LYLE, Ph. D., Westminster College, Fulton, Mo. 


In Playfair’s Euclid, pages 295 and 296, there is given a short method for 
finding the angle-sum of a rectilineal triangle. 

As the soundness of this method has been called in question by the Hyper- 
Space theorists, it is incumbent upon teachers of geometry to examine both the 
method itself and the criticisms to which it has been subjected. 

John Playfair in treating of the angle-sum says—‘‘It is of importance in 
explaining the Elements of Science, to connect truths by the shortest chain pos- 
sible ; and till that is done, we can never consider them as being placed in their 
natural order. ‘ 

The reasoning in the first of the following propositions is so simple, that 
it seems hardly susceptible of abbreviation, and it has the advantage of connect- 
ing immediately two truths so much alike, that one might conclude, even from 
the bare enunciations, that they are but different cases of the same general theo- 
rem, viz., That all the angles about a point, and all the exterior angles of any 
rectilineal figure, are constantly of the same magnitude, and equal to four right 
angles. 


DEFINITION. 


If, while one extremity of a straight line remains fixed at A, the line itself 
turns about that point from. the position AB to the 
position AC, it is said to deseribe the angle BAC con- 
tained by the lines AB and AC. 

Corollary. Ifa line turn about a point from 
the position AC till it come into the position AC again, it describes angles which 
are together equal to four right’angles. This is evident from the second corollary 
to the fifteenth, 1. 


PROPOSITION I. 


All the exterior angles of any rectilineal figure are together equal to four 
right angles. 

1. Let the rectilineal figure be the triangle ABC, of which the exterior 
angles are DCA, FAB, GBC ; these angles are together 
equal to four right angles. 

Let the line CD, placed in the direction BC produced, 
turn about the point C till it coincide with CE, a part of the 
side CA, and have described the exterior angle DCE or 
DCA. 


Let it then be carried along the line CA, till it be in 
the position AF, that is, in the direction of CA produced, 
and the point A remaining fixed, let it turn about A till it _leseribe the angle 
FAB, and coincide with a part of the line AB, 
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Let it next be carried along AB until it come into the position BG, and 
by turning about.B, let it describe the angle GBC so as to coincide with a part of 
BC. ; 

Lastly, let it be carried along BC till it coincide with CD its first position. 

Then, because the line CD has turned about one of its extremities till it 
has come into the position CD again, it has by the corollary to the above defini- 
tion described angles which are together equal to four right angles ; but the ang- 
les which it has -described are the three exterior angles of the triangle 
ABC, therefore the exterior angles of the triangle ABC are equal to four right 
angles, 

2. Ifthe rectilineal figure have any number of sides, the proposition is 
demonstrated just as in the case of a triangle. Therefore all the exterior angles 
of any rectilineal figure are together equal to four right angles. 

Corollary 1. Hence, all the interior angles of any triangle are equal to two 
right angles. For all the angles of the triangle, both exterior and interior, are 
equal to six right angles, and the exterior being equal to four right angles, the 
interior are equal to two right angles.’’ 

In this demonstration of the angle sum Playfair evidently regards the 
method employed by him as legitimate, simple, direct and brief. 

The Riemannian division of the Hyper-Space theorists assumes that 
a plane is the surface of an immense sphere, and that straight lines are curves 
that come back to their starting points, and, hence, raises the objection that such 
lines can not be slid along and then rotated as Playfair’s demonstration requires. 

This objection of the Riemannian School obviously rests on the false bottom 
that a plane is a spherical surface and that straight lines are curves. The foun- 
dation being insecure, that which is built thereon can not stand. The objection 
obliterates the distinction between spherical geometry and plane geometry. 

If it be true that a plane is perfectly flat and that straight lines are devoid 
of curvature, the objection that we are considering is seen to have no force. 

The Riemannian theorists tell us that for ought they know straight lines 
may be curves. They begin by doubting the truth of Euclid’s second postulate— 
“That a terminated straight line may be produced to any length in a straight line”’ 
—and his Proposition XXXII, Book I. They are believers, also, as well 
as doubters. They believe that the angle-sum of a rectilineal triangle is greater 
than two right angles. They believe that if a straight line be extended it will 
ultimately return to the starting point. 

The Euclidean geometers doubt these articles of Riemannian faith, and be- 
leve that the angle-sum of a rectilineal triangle is equal to two right angles, and 
that the longer a straight line is the further apart are its ends. 

The Riemannians doubt what the Euclideans believe and believe what the 
Huclideans doubt. Those who undertake to teach both of these doctrines that 
contradict each other have failed to reckon with the logical laws of non-contradic- 
tion and excluded middle. We notice further that the Riemannian objection to 
Playfair’s demonstration is in conflict with Proposition I of Lobatschewsky’s 
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Theory of Parallels. Says the Russian Pangeometer—‘‘A straight line fits upon 
itself in all its positions. By this I mean that during the revolution of the sur- 
face containing it the straight line does not change its place, if it goes through two 
unmoving points in the surface: (4. e., if we turn the surface containing it about 
two points of the line, the line does not move).’? These statements can not 
be made of any arc of any circle, and, hence, can not be made of Riemannian 
straight lines that are assumed to have constant positive curvature. What 
Lobatschewsky says respecting the straight line in his theorem I is inconsistent, 
of course, with his doctrine that the angle-sum is less than two right angles. But 
we are not quoting Lobatschewsky now to show that his theory is inconsistent 
with itself, but with that of Riemann. 

Another objection to Playfair’s demonstration is that a triangle drawn on 
a blackboard is not bounded by lines perfectly straight, since the surface of the 
board is uneven. 

This objection does not hold against the triangle whose vertices are 
the three points A, B, and C in space and whose sides are destitute of curvature. 

The geometer, whether he proceeds analytically or synthetically, naturally 
regards space as extending beyond himself on all sides without bounds, and be- 
tween any two points A and B located therein he can draw an absolutely straight 
line with his mind, although he may be unable to do so with his hand. Some 
metaphysicians doubt these facts. What is it that they have not doubted? The 
function of a metaphysician, however, is to explain facts, not to doubt or discred- 
it them. 

Three points A, B, and C not in the same straight line may be located in 
trinally extended objective space and connected by the straight lines AB, 
AC, and BC. Hence, a rectilineal triangle in objective space is possible. When 
we say rectilineal triangle we do not mean a bogus triangle with wrinkled sides, 
but a genuine triangle with straight sides. When we say straight sides we do 
not mean wrinkled sides. The rectilineal triangle ABC of the geometer is per- 
fect. His ability to cognize such a triangle is shown in the fact that he does cog- 
nize it. This fact, too, has been doubted. What a wonderful endowment that 
’ must be that enables man to people space with faultlessly perfect forms! This 
lofty power of intelligence in man, nay even his own doubt respecting it, differ- 
entiates him from the lower animals, 
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DIOPHANTINE ANALYSIS. 


Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


34, Proposed by R. H. YOUNG, West Sunbury, Pennsylvania. 


nn+ Dent 1). 


Prove (1) that is a whole number for all values of x; and 


na—l1j(n+1., 
24 


I. Solution by COOPER D, SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 


ville, Tennessee. 
(1). 12427482442 4....00.. tnearind Dent) 
for all integral values of n. 
(2). Let n=2m+1=an odd number for all integral values of m. 
(n—Dn(n+1) _ mnt 1)(2m-+1) 
24 6 


Il, Solution by JOSIAH H. DRUMMOND, LL. D., Portland, Maine. 


Asn and +1 are consecutive numbers, one of them must be even and so 
divisible by two. But 2 must be of the form of 3p, 8p+1, or 8p +2. If of the 
form of 8p, it is divisible by three; if of the form 3p+2, then n +1 or 8p+3 is 
divisible by three ; if of the fourm 3p+1, then (2n+1) becomes 6;+8, and is di- 
visible by three. Hence n(n+1)(2n +1) is divisible by twice three, or six, what- 
ever the value of n is. 

2. (n—1)n(n+1) of which the middle one is odd. One of every three 
consecutive numbers is always divisible by three: one of two consecutive even 
numbers is always divisible by fourand the other by two. Hence (n—1)n(n+1), 
when v is odd, is always divisible by 2x3x4 or 24. 


(2) prove that is a whole number when n is odd. 


=a whole number 


= same as (1). 


Also solved by 0. W. ANTHONY, M. A. GRUBER, EDGAR KESNER, E. W. MORRELL, J. 
SCHEFFER, E. L. SHERWOOD, B. F. YANNEY, and G. B. M. ZERR. 


85, Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Applied Science in Texar- 
kana College, Texarkana, Arkansas-Texas. 


Decompose into the sum of two squares the number 137.613. 


I. Solution by E. L. SHERWOOD, A. M., Professor of Mathematics in Mississippi Normal College, Hous- 
ton, Miss., and E. W. MORRELL, Department of Mathematics in Montpelier Seminary, Montpelier, Vermont. 


13?.613 = 13? 61° 61= 18? .617(5? +6°) =138°.612 5? +18?.61?.6°. 
II. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


Put 18°.615 =(p? +q°)?(m? +2715, in which p=8, q=2, m=6, n=5, By 
decomposing into the sum of two squares, we find 
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(p? + 4?)?(m? +n? )3 = [m(p? +4? )(m? —8n?)]? + [n(p? +92 )(8m2 —n?)]? = 
[m(m? +n* Cp? +9°)]? + [nGn? +2? )(p? +97) ]? = 
[m(p? —q? )(m? —3n*)2npg(3m* —n*)]? + 
[n(p? —9q* (8m? —n? = Ampgq(m? —3n*)]? = 
[m(m? +n? )(p? —q?)+2npq(m? +n*)]? + [n(m? +n?)(p? — Gg?) 2mpq(m? +n?)]?2, 
making six sets of the sum of two squares. 
Substituting the respective values of p, g, m, and n, we have 
13? .619 =3042? + 53895? = 4758? +3965? =3810? + 4883? 
= 6150? + 733? = 5490? 4+ 2867? = 1830? + 5917?. 
Solved with these six sets of values by A. H. BELL, and with the five sets last in order by the PRO- 
POSER. Also solved by J. H. DRUMMOND, C. D. SCHMITT, and B. F. YANNEY. 
86. Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 
Find the first six integral values of n inn =O. 


I. Solution by Professor J. SCHEFFER, A. M., Hagerstown, Maryland, and 0. W. ANTHONY, M. Se., Pro- 
fessor of Mathematics in New Windsor College, New Windsor, Maryland. 


We have n?4+n=2y?. Putting n=, we obtain t?—8y?=1. Since 
i=3,y=1, satisfy this equation, we have t=4[(8+2)/2)"+ (8—2)/2)"], where 
for m successive integral numbers must be chosen. The required values of n we 
then obtain from the relation nat, 

For m=1, 2, 8, 4, 5, 6, in succession, we find in order the corresponding 
values of t=3, 17, 99, 577, 3363, 19601, and n=1, 8, 49, 288, 1681, 9800. 


Il. Solution by A. H. BELL, Hillsboro, Illinois. 


Let mat) = 0 =y* say ; then clearing of fractions, multiplying by 4, and 
adding 1 to both members, ete., (2n+1)? =8y? +1= 0 =2? say. 
. na Again «?—8y?=1. The lst convergent for the ;/8= = or 


the solution of this celebrated equation and the value of « and y can be found, on 
page 58, Vol. I. of Mowruty, 

The general value for & i8 a41=2¢,X%,—%1, hence «,=1, 4,=8, 
%, =6X38—1=17, x, =6 x 17—38=99, 2,=6 x 99—17=577, 1, =6 xX 577 —99 = 3368, 
and x, =19601, etc. 

*, The required values of n=1, 8, 49, 288, 1681, 9800, etc. 


III. Solution by the PROPOSER, 


n(n+ 1) 
2 


When =O, one of the factors, n and n—1, is a square and the 
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mnt) 


other two times a square. Being known one of the values of n in—— =O, 


the value next succeeding as well as the value just preceding can be found by the 
following formula which I deduced by inspection : 


mnt n(n 1) = (2n, +1k8 [uest® ’ 


in which n, is a known value of n. By inspection we find that when n=1, 


nny) — O-==1?. Now put 2,;—1, and substituting in the formula, we obtain 
mnt) 6 or 0*?, 6? being the oO next succeeding and 0? the square just pre- 


nn) 


ceding 12. From =6?*, we obtain n=-8(==2 x2), or —9(—=~8°), and 


n+1=—9(—8?) or 8 2x2). Now put n,=8, and substituting in the form- 


ula, we get — n(n meh — —=(85)* or (—1)?, the positive: value being the next succeed- 


ing square and the negative value the one just preceding, the latter being the 
square with which we started. . From" 1) _ =85?, we find n==49 or —50, and 
n+1—50 or —49. By continuing this process, we find the first six positive in- 


tegral values of n in 24 nr)_a, to be 1, 8, 49, 288, 1681, and 9800. 


IV. Solution by BENJ. F. YANNEY, A. M., Professor of Mathematics, Mount Union College, Alliance, 0. 
Let n=p?* or p?—1, since it must be a perfect power, or a perfect power 


less 1. Then mnt) = ee 


mye: h ee eae 2 
=a? ; whence, p =r 9 sete (1). 


Adding 29? + 4pq+ pp? to each member of equation (1), we have, 
2q? + 4pq4t 2p? +1 ==49? +4pq+p? ; or QatpyPPtl=2qtp)?.....c. cee (2). 


Since equations (1) and (2) are the same in form, if we find one set of in- 
tegral values for p and q in (1), we can then readily find succeeding values by 


(2). Now, forp=1,q=1.  .:. Other values are: 3 and 2; 7 and 5; 17 and 12; 
‘ 2 2 
41 and 29; 99 and 70; and so on. Then by formula mast) =f oe =) the 


first positive integral values of n are found to be 1, 8, 49, 288, 1691, 9800. 


Also solved by J. H. DRUMMOND, C. D. SCHMITT, H. C. WILKES, G. B. M. ZERR, and the 
PROPOSER. 


Krrata. On page 368 of December issue, line 4, for ‘‘(10+2)’ read 
(10” + 2) ; line 9, at end, for ‘‘B?”’ read B,? ; line 12, for ‘‘B?” read B,®, and for 
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‘“(BL1+A,)” read (B+1—A,); line 19, for ‘“‘hypothenuse’”’ read hypotenuse ; 
line 22, leave out comma after 6; line 26, for ‘‘p, b, d,’’ read p, d, b,; line 30, for 
“18, 14, 15,’’ read 18, 15, 14; page 369, line 8, for ‘‘from’’ read for; line 25, for 
‘‘the’’? read their; line 85, for “‘a”"-+1’’ read a”+1; page 370, line 2, insert a 
‘ comma before the sign of equality ; and credit J. H. Drummond with a solution 
of No. 82. 

NOTES, CRITICISMS, ETC., BY ARTEMUS MARTIN, LL. D. 

On page 285 Mr. Adcock gives ‘‘An Equation for the sum of Squares equal 
a Square’”’ which he says he has not seen published. I used the same method 
in the Mathematical Magazine, Vol. II., page 71, to find three square numbers 
whose sum is a square ; and in a paper I had read at the last meeting of the Am- 
erican Association for the Advancement of Science I found in the same way four 
squares whose sum is a square. It is easily seen that the formula may 
be extended so as to find any number of squares whose sum is a square. 

Note on Solutions of Problem 27, pp. 329-331 .—In the Mathematical Mag- 
azine, Vol. II., No. 9, page 157, I have given a general method of finding any 
number (greater than two) of positive cube numbers whose sum is a cube, and on 
page 158 applied it to the case of five cubes, obtaining the set 


68 +115 + 1334-185 +203 = 263, 
In Problem 42, p. 882, ‘‘2a%+2b?—c? +d?” should be 2a? + 2b? =c? +d?.. 


PROBLEMS. 


45, Proposed by J. K. ELLWOOD, A. M., Principal of Coliax School, Pittsburg, Penn. 
Solve the equation #3 +y? =a’. 


46. Proposed by JOSIAH H. DRUMMOND, LL, D., Portland, Maine. 
Give a general solution, finding such values of a@ and 6 in «* +2)"ay =a 
and y*+yy,/ sy =) as will make x and y integral. 
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AVERAGE AND PROBABILITY. 


Conducted by B. F. FINKEL, Springfield, Mo. Al! contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


27. Proposed by F, P, MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy in Irving College, 
Mechanicsburg, Penn., 


Find the mean area of the dodecagonal surface formed by joining in order 
the points taken at random, one in each sectoral triangle of a regular inscribed 
dodecagon. 

Solution by 0, W. ANTHONY, Professor of Mathematics and Astronomy, New Windsor College, New Wind- 
sor, Maryland. 

Let AOB and BOC be two adjacent sectors of the regular dodecagon. Let 
the dodecagon be determined by its apothem—=a. 


Let <P,OB=6,, <P,OB=6,, OP,=p,, OP,=Ppo. 
Then area of triangle P, OP,= 


3P,P, sin(O,+4,). 


And average area of triangle= 


_ OM oN ; 
wd f J, P1P, 8in(F, +4, )dp,dp,dd, dA, 
o- 


i f J, “So dp, dp,dd,da, 


OM==a sec(4, —i). 


ON=a sec(f,— oS ). 


f- f sec?(A, — 7) seo*(#,—=2-) sin (4, +4,)d0, dd, 
Then 4==3a?" 


f" f" sec(#, - >) sec(4, — iy 4. dg 
oo 


The numerator may be written 


in ocp — 7%, — 7 yg _ 7 ZZ 
J, [ sec (4, 12 f, sec® (4, 19 )sin[(4, 12 +s +55 yar, Jae. 
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The part under the last integral sign may be written, after expansion and 
some minor reductions, 


dé, 
cos(4, re) 


a om 4 , 4 . 4 37 
cos(A, +S, sec(#,—75-)tan (O1— Fy dF, +sin (4, +75) f, 


a pan 1+tan} (0,—35) 
= 6 — “TZ Sea an 
cos( et75 rf, sec(G, 7) +sin(4 + aS. log 8 {tank =) ; 
14+ tang 
— tan™ 
24 


=0+2 sin(@, -+ slog. 7 
.. The numerator may be written : 


1+ tang 


Alog, (= — tanz 


ale sec?(H.— sin Oy + 15)d0,. 
0 
The integral may be written 


fe sec®(4j—-r5) [ sino, —_ 51008 (9, —— 


—(after reductions similar to those above) 


‘. The numerator reduces to 


1+ tang: | 
aicae (an) . 


It may also be shown that the denominator reduces to 


[ive (ES) | 


'*,d=ta’, 
And the mean area of dodecagon=area of 12 such triangles =3a’. 


Solutions of this problem were received from G. B. M. Zerr and the Proposer, the latter furnishing 
two solutions. 
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MISCELLANEOUS. 


Conducted by J, M. COLAW, Monterey, Va. All contributions to this department should be sent to him. 


SOLUTIONS OF PROBLEMS. 


30, Proposed by R. J. ADCOCK, Larchland,. Warren County, Ilinois. 


When the sum of the distances of a point of a plane surface, from all other 
points, is a minimum, that point is the center of gravity of the plane surface. 


IV. Discussion by 0. W. ANTHONY, M. Sc., Professor of Mathematics in New Windsor College, New 
Windsor, Maryland. 


I. Consider the following problem: Find a point within a plane surface 
such that the sum of the n” power of the distances to all other points of the sur- 
face shall be a minimum. 


S =f fle, --t)?+(y4- n> | " deadly. 


For minimum— 


i=in ffl, —xyP +(y,—? | (ee, —2)dedy-—0 Lobe eee (1), 


ds Mn {fle —a)? += | Cy, —y)dedy-=0 2.0.2... (2). 


dy, 


(1) and (2) may be satisfied in several ways. 
(A). The curve may be such that the integration in question performed 
over the surface reduce to zero. 


nl 
(3B). [w, ay +y, -y)* | dady=0, or, 
“an-1. 
{fle —ryP ty, - | dady=C. 


(a,—«)dady=0, or {[e,—xydrdy—o, Lede cece ee ee eens (38), 
(C). 
(y;—y)dedy—0, and f f° (4, —y)dady==C gece cee (4). 


We shall only consider’ (0), as it is the only one which leads to the consid- 
eration of the center of gravity. 
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C,; + (/ fededy Cs, +f frdedy 


, and y,== 


faedy faedy 


Therefore (v,, y,) is the center of gravity only when C, and C, are zero. 
For this condition to be fulfilled the first member of (3) and (4) must he evident- 
ly zero, From (1) and (2) we see that this will be true generally only when 
n—1—0,4.¢.,n=1. Hence there can be no general proposition except for the 
sum of the squares of the distances. 


Ty. w= ffLe—oton—n' dady. 


From (8) and (4), @,== 


~ nl 
an anf |, —ayr+(y, | (w,—a)dady=0, 


du 


n—1 
= 2. eee any? ap. —apy2 a \devdaj = 
dy, anf fo ey +, wn? | (yi ~y)dudy=0. 


ff [oe 2+ (yy) e | ededy 
{fle mn? cy, yf dxdy 
SfLc 2)? + (Yin) ] yaedy 


ffl erne+ (np? [ded | 


For @,, y,) to be identical with center of gravity n—1 must be zero. 


Whence «, = 


> 


and y, = 


Hil. Prof. Zerr in his proof has S={ NdA, He then writes 


dS @—#,)dA . ; wa dS ¢x—s, . . . 
ds, = Do He should have written i= J Do . dA; the integration 


was with respect to A and the differentiation with respect to «,, and the two do ~ 
not destroy each other. 

IV. The proposition fails to hold for the simplest case imaginable, an in- 
definitely narrow rectangle, or straight line. Thus let AB be a straight line, P 
any point on that line. AP=a, AB=1, PQ=x. Then the sum of distances from 
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A P Q B 


ta dS _ . ta 
P=S= f ede==4[1? —2al]. [-=—2l=0 for minimum, ¢. ¢., /=0 which is an 
a da 


absurdity. The sum of squares a minimum will hold in this case. 
V. The same proof that Prof. Zerr gives will hold for any power of the 
distance, which proposition is highly improbable. 


s 


31. Proposed by F. P. MATZ, D. Sc., Ph. D., Professor of Mathematics and Astronomy in Irving College, 
Mechanicsburg, Penn. ; 


In order that a vertical cylindric stalk may be severed by a blow of mini- 
mum force, the stalk must be struck at what inclination by a sharp wedge-shaped 
blade? 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Applied Science in Texarkana 
College, Texarkana, Ark.-Tex. 


Let f¢(?)=the force necessary to sever a unit of area, where @ is the in- 
clination to the horizon. Let r=radius of stalk. 

.. The area of section made in cutting is 7r?sec@, the area of an ellipse 
with semi-axes r and rsec#. .*. zr®fsec#¢(@)=a minimum. This can be made 


a minimum when ¢(9) is known. If f¢(@)=a-+-bcos?6, then feesin-* ]1 = 
32, Proposed by 8. H. WRIGHT, M. D., A. M., Ph. D., Penn Yan, New York. 
Intermittent reflections of flashes of light on a clear sky after dark, indi- 
cated a storm was progressing below the horizon. Refraction of 84’ on the hori- 
zon, brought the upper edge of the sturm-cloud up to the horizon, and was just 


visible. How far off was the storm if the cloud was one mile above the earth? 


I. Solution by the PROPOSER. 

In the plane triangle 4BC, let C be the center of the Earth, A the place of 
the observer, and B that of the cloud. Then AC=Earth’s mean radius=3959 
miles, =b, BC=38960 miles, =a, AB=c, the required distance. The angle 
BAC=the nadir distance of the cloud, being 90°—34’=89°26’=A. Then 


sin B= pena , B=88°35'36", and 180° + (A-+B=1°58'24"—C, and 


bsinC asinC__ 4. op . 
= SinB Sind 186.367 miles. 


II, Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Applied Science in Texar- 
kana College, Texarkana, Ark.-Tex. 
Let A be the position of the observer, B the cloud, O the center of the 
earth, R==mean radius of the earth=-8958 miles. 
a 


-, AC=2Rsin}AOC, ACB= é 


+4400, <BAC=3A00—34'. 
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: __ BCcos(AOC—34') 
AC: sin(QAO0—34) sheen es (1). 


3 BCcost AOC 
B= smGA0C_34’) ts .-(2). 


cos(A OC—34') 
sin(44 OC—34’¥ 


(14+ R)cos34’ —1 
R+1 . 


BC=1 from (1). 2Rsing AOC== 


.. cos(d OC— 84’ )= 
AB=—136.778 miles. 


AOO=1°58'16". From (2) 


Errata. On page 56, second line from top, for ‘‘—2562Z°”’ read — 25623; 
sixth line from top for ‘“Z=2.750418’’ read Z=2.750458368, and for 
‘‘WR=1,5248” read WR=1.2963390864 ; and in Note, second line from bottom, 
for ‘z=WR” read c=WR. 


PROBLEMS. 


38. Proposed by S. H. WRIGHT, M. D., A. M., Ph. D., Penn Yan, New York. 
In latitude 42°30’ north—=A, at what angle with the horizon, will the sun 
rise, its declination—=22° north=d ? 
39, Proposed by SETH PRATT, C. E., Assyria, Michigan. 


. The pendulum of a clock which gains 6 seconds in 1 hour and 13 minutes, 
makes 6000 vibrations in 1 hour and 93 minutes. What is the length of the pen- 
dulum? And what length should it have to keep true time ? 


QUERIES AND INFORMATION. 


Conducted by J, M. COLAW, Monterey, Va. All contributions to this department should be sent to him. 


The Origin of .—At least from the time of Archimedes z has stood for the 
number expressing how many times the diameter the circumference is. It is the 
initial letter of the Greek word méepipépera, meaning periphery. If the diameter 
is taken as a unit, then 7 stands for the periphery, or circumference. This is 
in reply to query of Lottie Smith in December Number. 

Bens. F. YANNEY, 
Mount Union College, Alliance, Ohio. 
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An Expression for x.—Though the result is not new, I have not seen it 
developed as follows : ; 
Since e7”—=—1, .-. izloge—log(—1). 


_jog(—) 
val 
Bens, F. YANNEY. 


Referring to the Note of R. Greenwood in the December Number, I would 
state that (1) probably the other root was infinite. Thus the equations 7? —y?—=5 
and #+y—=5 have roots =3 or », and y=2 or —«#, (2) The proof that i imagin- 
ary roots enter in pairs assumes that all the coefficients are real. The equation 
x? —bia=a?—abi has roots: a and —a+bi but its coefficients are not all real. 
(8) The equation 1/2x2,—2—(8¢—5)=0 or A must be multiplied by 
V/ 20? —2+ (4e—5)=B or 0 to give a quadratic equation. The given equation is 
not of the second degree as Mr. Greenwood seems to imply but of the 3 degree. 
An infinite number of equations can be written that have no roots at all : : for in- 
stance, 2x—5+ 4/x°—7—0 (or?). This when combined with its congeneric 
2e—5—j/a*—7T—? or 0 gives a quadratic ; the last expression takes both roots 
leaving no root for the first form. The demonstration that every equation has a 
root referred to equations free from surds. H.C. Warraxer, 

, Manual Training School, Philadelphia. 


Another Reply. By squaring the equation; we get 2x2 —2—-(87—5)®...(1) 
= 2x? —2—(3x—5)? =0, which is equivalent to transposing the member 8x—5, and 
then multiplying the equation by ,/22?—2+(3x~—5)=0. By doing this we have 
really introduced a new equation, which is satisfied for 23. 

Observe that (1) is satisfied for both #—8, andz—%, for it contains both 
the original equation and the one introduced by the questionable operation of 
squaring. Therefore, if the given equation means the positive root of 
(22? —2)=-3%—5, then 3 is the only value of x that will satisfy it. 

If 1/27? —2--8e—5, both 8 and 4 will. 


Bens. F. Yannry, 
Mount Union College, Alliance, Ohio. - 


Note on Solution IV., Page 190. It does not follow that triangies AFL 
and ADK are equal because the triangles AFL and ADK are similar respectively 
to AFN and AGM, and the solution fails. 

I .would ‘like to see a direct proof of this problem. It is said that 
the mathematician Todhunter failed to produce a direct proof of it. 

GrorGE LILLEy, 
394 Hall Street, Portland, Oregon. 


Problem by Euler. One answer is given, but-he adds there are many more. 
Legendre asks for a general solution as Euler’s solution is lost : and he says such 
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a solution would be very much prized by mathematicians, if it could be given. 
ist. Thesumof thesquares of each, horizontal, vertical, or diagonal rows 
shall be equal,—10 conditions. ° , 


==Euler’s Numbers. 


2nd. The sum of their products taken two and two=0, taking any two 
rows, horizontal, vertical, and diagonals,—-12 conditions. 


AEB+BF+CG+DH-0=AD+FG+KL4NQ, etc. 


Hitisporo, Int., MarnematicaL Cup. 


Note on No. 4—Miscellaneous. In regard to No. 4 Miscellaneous, I had 
worked the problem with the assumption made by Prof. Hume, but rejected my 
solution, as on further thought I did not consider the assumption warranted. 
The constantly changing curvature carries with it a change in actual contact as 
well as in the amount ground off, which I have not been able to analyze. The 
assumption made would seem to apply if the stones were kept pressed together 
with such a force as would not yield, and would cause the particles to overlap 
for a constant distance. This also would require a constantly changing pressure 
or adjustment. 

I should like to ask whether any one knows ofa principle which will ap- 
ply to the effect of friction in a case of this kind. 

C. W. M. Brack, 
Wesleyan Academy, Wilbraham, Mass. 


Query. Is a man who writes for publication ina Mathematical Magazine a 
“Note on Helmholtz’s use of the terms ‘Surface’ and ‘Space’ as identical in 
meaning’’, properly to be considered sane ? 

Again when he asks ‘‘Does the ‘immortal’ Helmholtz in his Lectures on 
the—‘Origin and Significance of Geometrical Axioms’—use the terms ‘surface’ 
and ‘space’ as identical in meaning?”’ since Helmholtz never delivered any lectures 
under this title, would it be sane to attempt to answer? 

G. B. HaLstep, 


The equation from Bell’s Algebra, quoted by Mr. Greenwood, (Montuty, 
Vol., p. 872) is consistent if the radical be given the double sign. The equation 
should be ; 
+ FF I= Be—5, 


The value s=3 belongs to the upper sign, s=% to the lower. 
Wma. E. Han. 


The answer to query (Monthly, Vol. II., p. 247) is notsatisfactory. It is 
true ‘‘We have no method of finding the cube root by means of a compass’’ [and 
rule] but that does not prove the impossibility of a solution. What I wish, is a 
rigorous proof of the impossibility of expressing the roots of a cubic equation by 
a geometrical construction. Wo. E. Heat. 


Concerning the value of factorial zero, Chrystal says (Text Book of Alge- 
bra, Part II., page 4) ‘‘Strictly speaking 0! has no meaning. It is convenient, 
however, to use it, with the understanding that its value is 1; by so doing we 
avoid the exceptional treatment of initial terms in many series.” 

Wm. E, Heat. 


1S THERE MORE THAN ONE ILLIMITABLE SPACE? 

The Metageometers assume without proof that there are many varieties of 
space, differing in curvature, in the number of dimensions and in extent. 
Is their assumption axiomatic or does it need proof? Is it not really inconsis- 
tent with the hypothesis that space is everywhere and illimitable ? 

The Metageometers concede that the space that contains our Universe may 
for aught they know to the contrary, be trinally extended, i. e., through any 
point of it, whatever, three straight lines may be drawn mutually at right angles 
to each other. Notwithstanding this concession, they assume that there are two 
varieties of space at least, the number of whose dimensions is less than three. 

They call a surface a variety of space that has two dimensions, and a line 
a variety of space that has one dimension. , 

The Euclidian geometers locate all their lines and surfaces in the one, 
trinally extended, illimitable space. They do not regard these lines and surfaces 
as distinct varieties of space that may be classed under an n-fold species. 

Some of the Metageometers call a line one dimensional space, and a sur- 
face two dimensional space, apparently with the expectation that this ambiguous 
use of the word space will somehow assist them in ascending from our tridimen- 
sional space to a hypothetical one of four dimensions, and from that to one of five 
dimensions, and so on. . This is certainly a most hazardous enterprise that they 
have undertaken. They are attempting to scale the transcendental heights of 
Hyper-space with an analogical ladder constructed out of defective timber. The 
two bottom rounds—one dimensional space and two dimensional space—are un- 
able to endure the strain put upon them. We do not mount to trinally ex- 
. tended space from surfaces, nor to surfaces from lines. But we start with trin- 
. ally extended space and in it locate surfaces and lines. 
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Successful ascent cannot be made from tridimensional space to fourdimen- 
sional space. 

1st.—Because no one knows or can know the direction from 3-fold space 
to 4-fold, even if the latter exists. 

2nd.—Because no one knows or can know that 4-fold space exists for the 
reason that the fundamental laws of thought are violated in every effort of the 
mind to cognize it. Legitimate thinking cannot proceed in violation of logical 
law, but stultification may do so. The so-called ‘‘generalized space’’ of the 
Metageometers is believed to be the joint product of pseudo-generalization, 
pseudo-analogical reasoning, and pseudo-analytical interpretation. 

Joun N. Lyte. 
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Professor of Mathematics, and Edward Drake Roe, Jr., A. M., Associate Profess- 
or of Mathematics in Oberlin College. 8vo. Cloth, 108 pp. Boston: Ginn & Co. 

This little work is a decided improvement over most modern treatises on trigonomet- 
ry. It treats the subject with clearness and accuracy and leads the student to an easy ac- 
quaintance with modern higher mathematics.” A number of new features are introduced. 
This is the first book we have vet seen in which it is shown that Plane Trigonometry is a ° 
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An Elementary Treatise on Rigid Dynamics. By W. J. Loudon, B. A., 
Demonstrator in Physics in the University of Toronto. 8vo. Cloth, 236 pp. 
Price, $2.25. New York: Macmillan & Co. 


This is a most excellent treatise on Rigid Dynamics. The subjects treated are made 
very clear and the student is still further aided in grasping those complex and difficult 
principles by very beautiful and accurate diagrams. Any student who has mastered 
the calculus can take up this work without any difficulty. At the close of each subject isa 
list of problems. The book closes with 306 problems all of which are very interesting to the 
student of dynamics. Some of these excellent problems will appear in future numbers of 
the Monru.y. B.F. F. 


Notations de Logique Mathématique. Par G. Peano, Professeur d’ Analyse 
infinitésimale & 1’ Université de Turin. Introduction au Formulaire de Mathé- 


matique Publie par la Revista di Matematico, Turin. Pamphlet, 52 pages. 


A very interesting and valuable treatment of the notations of mathematical logic. 
B. F. F. 
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The January-February number of this magazine contains a number of important pa- 
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cians in the world. The solutions are illustrated by beautiful diagrams. B.F. FP. 


Annals of Mathematics. Ormond Stone, Editor, Office of Publication, Uni- 
versity of Virginia. Bi-monthly. Price, $2.00. 

The September (1895) number contains the following articles: On the Improbability 
of Finding Shoals in the Open Sea by Sailing over the Geographical Positions in which they 
are Charted. By Mr. G. W. Littlehale. Note on the Congruence 24=(—)” (2n)!/(n!)? , 
where 2n-+1 is a prime. By Prof. Frank Morley. Equations and Variables Associated 
with the Linear Differential Equation. By Dr. Geo. F. Metzler. The Calculus of Varia- 
tions. By Dr. Harris Hancock. B.F. F. 


March Monthly Magazine Number of The Outlook. Price, $1. per year in 
advance. The Outlook Company, 18 Astor Place, New York. 

The illustrated monthly “Magazine Number of The Outlook for March has nearly fifty 
pages of reading matter, and more illustrations than any of the previous issues. Dr. R. L. 
Dickinson writes as an expert on hygienic and practical aspects of “Bicycling for Women,”’ 
with cuts showing just what is right and wrong about women’s riding; Edward Everett 
Hale tells of the ‘‘Higher Life of Boston ;” there is a pleasant ‘‘Spectator” talk about pic- 
turesque New Orleans; Charleston of to-day is compared with its ante-bellum lifein Mr. W. 
J. Abbot’s “From Atlanta to the Sea;’’ Martin Luther is the subject of a fine article by pro- 
fessor Harnack, the great German theologian;and Mr. A R. Kimball has a readable article 
about Penzance and the Newlyn school of artists. All these articles are fully illustrated. 
Ian Maclaren’s novel gains in interest and humor. 


The Cosmopolitan. An International Tlustrated Monthly Magazine. Hd- 
ited by John Brisben Walker. Price, $1.00: per year. Single number, 10 cents. 
Irvington-on-the-Hudson, New York. 

The General of the Army, the General commanding the U. 8S. Corps of Engineers, 
Vice-Pres. Webb of the New York Central, and John Jacob Astor, compose The Cosmopoliiun 
Magazine's Board of Judges to decide the merits of the Horseless Carriages which will be 
entered in the May trials, for which the The Cosmopolitan offers $3000 in prizes. This com- 
mittee is undoubtedly the most distinguished that has ever consented to act upon the oc- 
casion of the trial of a new and useful invention. The interest which these gentlemen 
have shown in accepting places upon the committee is indicative of the importance of the 
subject, and that the.contest itself will be watched with marked interest on both sides of 
the Atlantic. Frank Stockton’s new story, ‘‘Mrs. Cliff’s Yacht,’”’ which begins in the April 
Cosmopolitan, promises to be one of the most interesting ever written by that fascinating 
story-teller. Readers of ‘The Adventures of Captain Horn” will find in “Mrs, Olif’s Yacht” 
something that they have been waiting for. 


